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Summary. The semiparametric partially linear model allows flexible modeling of covariate
effects on the response variable in regression. It combines the flexibility of nonparametric
regression and parsimony of linear regression. The most important assumption in the exist-
ing approaches for the estimation in this model is to assume a priori that it is known which
covariates have a linear effect and which do not. However, in applied work, this is rarely
known in advance. We consider the problem of estimation in the partially linear models
without assuming a priori which covariates have linear effects. We propose a semiparamet-
ric model pursuit method for identifying the covariates with a linear effect. Our proposed
method is a penalized regression approach using a group minimax concave penalty. Under
suitable conditions we show that the proposed approach is model-pursuit consistent, meaning
that it can correctly determine which covariates have a linear effect and which do not with
high probability. The performance of the proposed method is evaluated using simulation
studies, which support our theoretical results. A real data example is used to illustrated the

application of the proposed method.
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1. Introduction Suppose we have a random sample (y;, i1, . . . Tip), 1 <1< m,
where y; is the response variable and (z;1,. .., ;) is a p-dimensional covariate vector.

Consider the semiparametric partially linear model

inM‘FZﬁjxij—i‘Zf(xij)-i-gi,lSZ'S?% (1)
JES1 JES2
where S; and Sy are mutually exclusive and complementary subsets of {1,...,p},

{B; : j € Si} are regression coefficients of the covariates with indices in S;, and
(fj : j € S) are unknown functions. In this model, the mean response is linearly
related to the covariates in S;, while its relation with the remaining covariates is not
specified up to any finite number of parameters. This model combines the flexibility
of nonparametric regression and parsimony of linear regression. When the relation
between y; and {z;; : j € S1} is of main interest and can be approximated by a linear
function, it offers more interpretability than a purely nonparametric additive model.

There is a large literature on the estimation in partially linear models. Examples
include the partial spline estimator (Wahba 1984; Engle, Granger, Rice and Weiss 1986
and Heckman 1986) and the partial residual estimator (Robinson 1988, Speckman 1988)
and polynomial spline estimator (Chen 1988). An excellent discussion of partially linear
models can be found in the book by Hérdle, Liang and Gao (2000), which also contains
an extensive list of references on this model.

The most important assumption in the existing methods for the estimation in par-
tially linear models is to assume that it is known a priori which covariates have a linear
form and which do not in the model. This assumption underlies the construction of
the estimators and investigation of their theoretical properties in the existing methods.
However, in applied work, it is rarely known in advance which covariates have linear
effects and which have nonlinear effects.

Recently, Zhang, Cheng and Liu (2010) proposed a novel method for determining
the zero, linear and nonlinear components in partially linear models. Their method
is a two-step regularization method in the smoothing spline ANOVA framework. In
the first step, they obtain an initial consistent estimator for the components in a

nonparametric additive model, and then use the initial estimator as the weights in



their proposed regularized smoothing spline method in a way similar to the adaptive
Lasso (Zou 2006). They obtained the rate of convergence of their proposed estimator.
They also showed that their method is selection consistent in the special case of tensor
product design. However, they did not prove any selection consistency results for
general partially linear models. Also, in their two-step approach, a total of four penalty
parameters need to be selected, which may be difficult to implement in practice.

We consider the problem of estimation in partially linear models without assuming
a priori which covariates have a linear effect and which have nonlinear effects. We
propose a semiparametric model pursuit method for identifying the covariates with
linear effects and those with nonlinear effects. We embed partially linear models into
a nonparametric additive model. By approximating the nonparametric components
using spline series expansions, we transform the problem of model specification into a
group variable selection problem. We then determine the linear and nonlinear com-
ponents with a penalized approach, using the minimax concave penalty (Zhang 2010)
imposed on the norm of the coefficients in the spline expansion. We show that, un-
der suitable conditions, the proposed approach is model pursuit consistent, meaning
that it can correctly determine which covariates have a linear effect and which do not
with high probability. We allow the possibility that the underlying true model is not
partially linear. Then the proposed approach has the same asymptotic property as
the nonparametric estimator in the nonparametric additive model. We also show that
the estimated coefficients of linear effects are asymptotically normal, with the same

distribution as the estimator assuming the true model were known in advance.

2. Semiparametric regression pursuit via group minimax con-

cave penalization

2.1. Method The semiparametric partially linear model (1) can be embedded into
the nonparametric additive model (Hastie and Tibshirani 1986),

vi = p+ fi(wa) + o+ folmp) + & (2)

Suppose that x;; takes values in [a,b] where a < b are finite constants. To ensure

unique identification of the f;’s, we assume that Ef;(z;;) = 0,1 < j < p. If some
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of the f;’s are linear, then (2) becomes the partially linear additive model (1). The
problem becomes that of determineing which f;’s have a linear form and which do not.

For this purpose, we decompose f; into a linear part and a nonparametric part

fi(x) = Boj + Bjz + gj(z).

Consider a truncated series expansion for approximating g;,

gnj Z 6]k¢k‘ (3>

where ¢1,..., ¢, are basis functions and m, — oo at certain rate as n — oo. If
0jr = 0,1 <k < m,, then f; has the linear form. Therefore, with this formulation, the
problem now is to determine which groups of {;;,1 < k < m,} are zero.

Let 8 = (B1,...,8,) and 0, = (01,,,...,0,,)", where 0;, = (0;1,...,0;m,)". Define

the penalized least squares criterion

P mpn p
Ly 5,05 07) = 5. Z( z%@ SN dnlen)) 30 oIl N,
=1 7j=1 k=1 7j=1

(4)
where p is a penalty function depending on the penalty parameter A > 0 and a regu-
larization parameter v. Here without causing confusing, we still use p to denote the
intercept. The norm [|6;,]/a, = (6),;4;0,,;)"/* for a given positive definite matrix A;.
In theory, any positive definite matrix can be used as A;. However, it is important to
choose a suitable choice of A; to facilitate the computation. We will specify A; in (9)
below.

We use the minimax concave penalty introduced by Zhang (2010). This penalty
function is defined by

) = [ (=) o, 120 5

where 7y is a parameter that controls the concavity of p and A is the penalty parameter.
Here z, denotes the nonnegative part of x, that is, x4 = zly,>0y. We require A > 0
and v > 1. The minimax concave penalty can be easily understood by considering its

derivative
Pr(EA) = AL —t/(vA)4, £ > 0. (6)
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It begins by applying the same rate of penalization as the lasso, but continuously relaxes
that penalization until, when ¢ > v\, the rate of penalization drops to 0. It provides
a continuum of penalties with the ¢; penalty at v = oo and the hard-thresholding
penalty as v — 1+. In particular, it includes the Lasso penalty as a special case at
v = 00.

The penalty in (4) is a composite of the penalty function p,(-;A) and a weighted
ly-norm of #;. The p,(-;A) is a penalty for individual variable selection. When it is
applied to a norm of 0, it selects the coefficients in 6; as a group. This is desirable,
since the nonlinear components are represented by the coefficients in the ;s as groups.
We refer to the penalty function in (4) as the group minimax concave penalty, or group
MCP.

The penalized least squares estimator is defined by

(ﬁn7 Bna én) = arg mlHL([L, 57 ena >\a 7)7

H,8,0n
subject to the constraints
DO Opdnlay) =0,1<j<p. (7)
i=1 k=1

These centering constraints are sample analogs of the identifying restriction E f;(x;;) =
0,1<:1<n,1<5<p.

We convert (7) to an unconstrained optimization problem by centering the response
and the covariate functions. Specifically, we center the responses and covariates and

standardize the covariates by imposing

Zyi:(), injzo and Zx?j:n.
i=1 i=1 i=1
We also center the basis functions. Let
_ 1< _
Qi = ﬁ ;¢k($ij)a %’k(x) = ¢k($) — Qjk- (8)

Define
g = (W (@), - Vg (7))



So z;; consists of the centered basis functions at the ith observation of the jth covari-

ate. Let Z = (Zy,...,2,), where Z; = (z1j,...,%;)" is the n x m,, ‘design’ matrix
corresponding to the jth expansion. Let y = (v1,...,yn), ¥; = (z1j,...,%y;) and
X = (21,...,7p). We can write

. , 1 -
(B, 0n) = argmin{L(B, 050, 7) = - lly = XB = Z0al* + 3 oy (1005 4,3 v/ M) }-
B,0n 2n =1

Here we dropped p from the arguments of L, since the intercept is zero due to centering.
With the centering, the constrained optimization problem becomes an unconstrained

one.

2.2 Penalized profile least squares To compute (Bn,én), we can use a penalized
profile least squares approach. For any given 6, the B that minimizes L necessarily

satisfies

X'(y— XB— Z0,) = 0.

Thus 8 = (X'X)'X'(y — Z6,). Let Q = I — Px, where Px = X(X'X)71X" is the

projection matrix onto the column space of X. The profile objective function of 6, is
p
1 2
L(bn; A7) = 5 -1Q(y — Z6,)[I° + > 03105l ;3 V). (9)
j=1

We use A; = Z;QZ;/n. This choice of A; standardizes the covariate matrices associated
with 0,,;’s and leads to an explicit expression for computation in the group coordinate
algorithm described below. For any given (), ), the penalized profile least squares
estimator of 6,, is defined by 6, = argming L(0,; A,y). We compute 0, using the
group coordinate descent algorithm described in Section 77

The set of indices of the covariates that are estimated to have the linear form in

the regression model (1) is Sy = {J : ||6n;]| = 0}. Thus we have
Gni(x) = 0,5 € S and goj(z) = Oubsn(x),j & Si.
k=1

Denote )A((l) = (z;,§ € S), 2(2) =(Z;:j ¢ S) and én@) = (éjlj,j ¢ S1). We have
B = (X'X)'X"(y — 2(2)én(2)). Then the estimator of the coefficients of the linear



components is G = (8; : j € 5). Let
Fri(@) = Bjw + guj (), J & S1.
Denote fnj (x;) = (fnj(mlj), e fnj(xnj))’. The the estimator of the coefficient vector
of the linear components can also be written as
Bt = (X(y X)Xy (= D fus(2).
JES1

2.3 Spline approximation We use polynomial splines to approximate the non-
parametric components g;,1 < 7 < p. Let a =t <t < -+ < tg < tgqy1 = b
be a partition of [a,b] into K subintervals Ixy = [t,tg1),k = 0,..., K — 1 and
Ixk = [ti,tgy1], where K = K, = O(n") with 0 < v < 0.5 is a positive integer
such that max;<g<pi1 |tk — ti—1| = O(n™"). Let S, be the space of polynomial splines
of degree | > 1 consisting of functions s satisfying: (i) the restriction of s to Iy is
a polynomial of degree [ for 1 < k < K (ii) for { > 2and 0 < I' < [ —2, sis '
times continuously differentiable on [a,b] (Schumaker 1981). There exists normalized
B-spline basis functions {¢g,1 < k < m,} for S,, where m,, = K,, + [ (Schumaker

1981). We can use these basis functions in the approximation (3).

3. Computation We derive a group coordinate descent algorithm for computing
6,,. This algorithm is a natural extension of the standard coordinate descent algorithm
(Fu 1998; Friedman et al. 2007; Wu and Lange 2007) used in optimization problems
with convex penalties such as the Lasso. It has also been used in calculating the
penalized estimates based on concave penalty functions (Breheny and Huang 2010).

The group coordinate descent algorithm optimizes a target function with respect
to a single group at a time, iteratively cycling through all groups until convergence is
reached. This algorithm is particularly suitable for computing én, since it has a simple
closed form expression for a single-group model as given in (10) below.

We write A; = R} R; for an m,, x m,, upper triangular matrix R; via the Cholesky

decomposition. Let b; = R;0;, y = Qy and 2]- = QZjRj_l. Simple algebra shows that
1 p B p
L A7) = 5119 — S ZibilIP+ " oy (105l v/
j=1 j=1
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Note that n*lé;Zj = R;"(n'ZQZ)R; " = I, Let g; =3 — P Zyby,. Denote

1
Li(bj; A\, y) = %Ilyj — Z;bi 11> 4 py (16511 /M N).

Let n; = Zj(Z]’.Zj)—lgj = n‘lzj’-g]. For v > 1, it can be verified that the value that

minimizes L; with respect to b; is

(
0, if [yl < /M,
biaa(A ) = M(1; X, 7) = § 225(1 - SRy, i A < sl < vy, (10)
U i s > /A,

In particular, when v = oo, we have

) (1 @)ﬂj’

biar = (1—
’ 75

which is the group Lasso estimate for a single-group model (Yuan and Lin 2006).

With the above expressions, the group coordinate descent algorithm can be imple-
mented as follows. Suppose the current values for the group coefficients l;,(f), k # j are
given. We want to minimize L with respect to b;. Define

1, e
Libyi ) = o115 = Y 2 = Zbs I + s (1051 v/imah).
k£

Denote §; = >, 70" and 7j; = n~1Zi(§ — §;). Let b; denote the minimizer of
L;(bj; /myA,v). When v > 1, we have I;j = M(7;;/mnA,7y), where M is defined in
(10).

For any given (A,7), we use (10) to cycle through one component at a time. Let
B ©) = (B£O)/, cee 5’1()0)/)’ be the initial value. The proposed coordinate descent algorithm
is as follows.

Initialize vector of residuals r = y — g, where §y = 1;:1 Zjbg-o). For s =0,1,...,
carry out the following calculation until convergence. For j = 1,...,p, repeat the

following steps:
(1) Calculate 7; = nilz‘gr + l;;s).

(2) Update B = M(ij;; A, 7).



(3) Update r < r — Zj(l;fH) — Bg-s)) and j + j + 1.

The last step ensures that r always holds the current values of the residuals. Although
the objective function is not necessarily convex, it is convex with respect to a single
group when the coefficients of all the other groups are fixed. Thus, Theorem 5.1 of
Tseng (2001) implies that the group coordinate descent algorithm described above

always converges.

4. Theoretical properties We present the results on the model-pursuit con-
sistency, rate of convergence and asymptotic normality of the proposed estimator. In
particular, our model-pursuit consistency result shows that the proposed method can
correctly determine the linear and nonlinear components in the partially linear model
with high probability.

Denote the underlying regression components by fo; and write

foj(x) = Bojx + goj(x).

Suppose the series expansion for approximating go; is

mMn

goj (z Z Oojrr (T

Let 0p;n = (Ooj1, - - -, 00jm,)- Denote ||g|l2 = f g*(x)dx)'/? for any square integrable
function g on [a,b]. We have S; = {j : ||gojll2 = 0} and ||6p,;|| = 0 for j € S;. Let
Oon = (001 - - 96np>

Let ¢ = |Si| be the cardinality of Si, which is the number of linear components in

the regression model. Define
5 o1 .
0, = argemm{%HQ(y —Z0,)|1?:0,; =0,5 € Si}. (11)

This is the oracle estimator of 6, assuming the identity of the linear components were
known. We note that the oracle estimator is not computable since S; is unknown. We
use it as the benchmark for our proposed estimator.

Analogous to the actual estimates defined at the end of Section 2.2, define the oracle

estimators

gnj( ) 0 ] € Sl and gn] Z‘%k@%k ] QI Sl
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Denote X1y = (2;,§ € S1), X2y = (v : j € Sa) and 0,2y = (Qlj,j € 5y)". Let
Jag(@) = By + Guj (), § € Sa.

Denote f~nj (z;) = (fnj(:vlj), Cees fnj (xn7))". The oracle estimator of the coefficients of
the linear components is
B = ( X(l) X Z fnj ;)
JES2
Without loss of generality, suppose that 57 = {1,...,q}. Write 6, = (04, ,H;L )’

where 0y, is a (gm,,)-dimensional vector of zeros and

én(Z ( QZ )~ 1Zé2)Qy. (12)

Define 6, = minjeg, ||fon;||, which is the smallest norm of the coefficients in the spline
expansions of the nonlinear components.

Let k& be a non-negative integer, and let a € (0, 1] be such that d = k + «a > 0.5.
Let G be the class of functions g on [0, 1] whose kth derivative g*) exists and satisfies

a Lipschitz condition of order «:
19 (s) — g® (1) < C|s —t|* for s,t € [a, b].

Define ||g|, = f g*(x)dx]'/? for any function g, whenever the integral exists.

We make the following assumptions.

(A1) The random variables 1,...,¢, are independent and identically distributed
with Ee; = 0 and Var(g;) = 0?. Furthermore, their tail probabilities satisfy P(|e;| >
r) < Kexp(—Cz?),i=1,...,n, for all z > 0 and for constants C' and K.

(A2) Egj(zj)=0and g; €G,j=q+1,...,p.

(A3) The covariate vector X has a continuous density and there exist constants C
and Cy such that the density function n; of z; satisfies 0 < C; < n;(z) < Cy < 00 on

la, b] for every 1 < j <p.

Theorem 1 Suppose that m,, = O(n"/CD) 1/ /m.~ is less than the smallest eigen-
value of Z'QZ/n, and

_l’_
mﬁfd‘”/?(e* — ) A/



Then under (A1)-(A3),

Consequently,

P(S; = S;) — 1,
P(Bu1 = Bur) = 1, and P(||fuj — fujlla = 0,5 € S2) — L.

Therefore, under the conditions of Theorem 1, the proposed estimator can correctly
distinguish linear and nonlinear components with high probability. Furthermore, the
proposed estimator has the oracle property in the sense that it is the same as the oracle
estimator assuming the identity of the linear and nonlinear components were known,

except on an event with probability tending to zero.

Theorem 2 Suppose (A1)-(A83) hold. Under model (2), we have
p
~ my, 1
Zl an] - fO]H% S Op(?) + O(m_,%d) + O(mn)\2>
‘7:

This theorem gives rate of convergence of the proposed estimator under the non-
parametric additive model (2), which contains the partially linear models as special
cases. In particular, if we assume that each component in (2) is second order differ-
entiable (d = 2) and take m, = O(n'/°) and A = n~Y/?*% for a small § > 0, then

Ll foi = fojl|2 = Op(n~=%/5), which is the optimal rate of convergence in nonpara-
metric regression.

We now consider the asymptotic distribution of Bnl. Denote
Hj = {h] = (h]k ke Sl>/ : Eh?k(a:]) < 00, Eh]k(ﬂi’]) = 0}, ] S Sg.

Each element of H; is a [Si|-vector of square integrable functions with mean zero.

Denote the sumspace

H={h=> h;:h;€Hs}

JES2

The projection of the centered covariate vector x() — E(ac(l)) € R? onto the
sumspace H is defined to be the (hj,...,hy)" with Ehi(z;) = 0,5 < S, that mini-
mizes

W (h) = Elleq) — E(zq) — Y hy(a)lI*. (13)

JES2
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For z(9) = (z; : j € S2), denote
W (z2) = > b (). (14)
JES2

Under condition (A3), by Lemma 1 of Stone (1985) and Proposition 2 in Appendix
4 of Bickel, Ritov, Klaassen and Wellner (1993), the sumspace H is closed. Thus
the orthogonal projection h* onto H is well defined and unique. Furthermore, each
individual component h} is also well defined and unique. In addition to (A1)-(A3),
we also need the following condition for asymptotic normality of the linear component
estimator.

(A4) Let w > 1 be a positive integer. The wth partial derivatives of the joint
density of x(s) = (5,7 € S2) are bounded by a constant and the gth derivative of each
component of {(v) = E(xq)|z; =v),j € Sy is bounded by a constant.

Let A = E[zq) — E(zay — h*(2(2))]%?, where h* is defined in (14). Here 2%? = za’

for any column vector z € R%.

Theorem 3 Suppose that the conditions in Theorem 1 and (A4) are satisfied and that

A is nonsingular. Then,
nl/Z(Bnl - B(l)) —d N(07 Z)v
where By = (B;:j € S1) and ¥ = o? A1

Theorem 3 provides sufficient conditions under which the proposed estimator B,ﬂ
of the linear components in the model is asymptotically normal with same the limit

normal distribution as the oracle estimator Bnl.

5. Numerical studies

5.1 Simulation studies We use simulation to evaluate the finite sample performance
of the proposed method. Two examples are considered in the simulation. In each of

the simulated models, two sample sizes (n=100, 200) are considered and a total of 100
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replications are conducted. Consider the following six functions defined on [0, 1]:

filz) = =z, fo(x) =sin(2rz)/(2 — sin(27x)),

fs(z) = 0.1sin(27z) + 0.2cos(27x) + 0.3sin?(27x) + 0.4 cos® (2mx) + 0.5 sin®(27x),
fa(z) = (Bx—1)% f5(x) = cos(2mz)/(2 — cos(27x)),

fo(z) = 0.1cos(2mx) + 0.2sin(27x) + 0.3 cos®(27mx) + 0.4sin’(27wx) + 0.5 cos® (27z).

In the implementation, we use cubic B-spline with seven basis functions to approximate
each function.

Example 1: Let p = 6. Consider the model

y = 3fi(x1) +4f1(x2) — 2f1(x3) + 8fa(zs) + 6f3(25) + 5falz6) + €.

In this model, the first three variables have linear effect and the last three variables
have nonlinear effect. The p covariates are simulated in the following way. First we
simulate wy,--- ,w, and u independently from UJ[0,1]. Then z; = (wy + u)/2 for
k=1,---,p. The correlation among predictors is Corr(z;j, z;;) = 0.5. The error term
e is chosen from N (0, 1.57%) to give a signal to noise ratio 3.

Example 2: Let p = 10. Consider the model

y = 3fi(w1) +4fi(x2) — fi(ws) — fi(za) + 2f1(25)
+5fo(z6) + 4fs(x7) + 5 fa(xs) + 5fs5(wg) + 4 f6(z10) + €.

In this model, the first 5 components are linear and the remaining 5 are nonlinear.
The covariates are simulated in the same way as in Example 1. The error term ¢ ~
N(0,1.80%), which gives a signal to noise ratio 3.

The simulation results are presented in Table 1-3 based on 100 replications. The
columns in Table 1 are: the average number of nonlinear components being selected
(NL), the average model error (ER), the percentage of occasions on which the correct
nonlinear components are included in the selected model (IN%) and the percentage
of occasions on which the exactly nonlinear components are selected (CS%) in the
final model. Enclosed in parentheses are the corresponding standard errors. Table 2

includes the number of times each component being estimated as nonlinear function.
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Several observations can be made from Tables 1 and 2. Table 1 shows that the
proposed method with the group MCP performs better than the proposed method
with the group Lasso in terms of the percentage of occasions on which the correct
nonlinear components are included in the selected model (IN%) and the percentage of
occasions on which the exactly nonlinear components are selected (CS%) in the final
model. For instance, in Example 1, when n = 100, the percentage of correct selection
(CS%) is 82% with the group MCP and is 67% with the group Lasso. Also, when the
sample size increases from 100 to 200, the percentage of including all the nonlinear
components (IN%) and selecting the exactly correct model (CS%) by both methods
are increased. This is not surprising since data with a larger sample size contain more
information about the underlying model. Table 2 shows that the group MCP is more
accurate in distinguishing the linear functions from the nonlinear functions than the
group Lasso. When n = 200, the group MCP can correctly distinguish the linear from
nonlinear components 99% of the times in Example 1 and 78% of the times in Example
2. We have also examined the performance of the proposed method for estimating the
linear and nonlinear components in the simulated models. In general, the proposed
method with the group MCP have smaller mean square errors. Overall, the proposed
method with the group MCP is effective in distinguishing the linear components from

the nonlinear ones in the simulation models.

5.2 Diabetes data example This data set is from a study reported in Willems et al.
(1997). The data consist of 19 variables on 403 subjects from 1046 African Americans
who were interviewed in a study to understand the prevalence of obesity, diabetes, and
other cardiovascular risk factors in central Virginia. Diabetes Mellitus Type II (adult
onset diabetes) is associated with obesity. The 403 subjects were the ones who were
screened for diabetes. Glycosolated hemoglobin > 7.0 is usually taken as a positive
diagnosis of this disease.

We consider Glycosolated hemoglobin as the response variable and the other 15 vari-
ables as the covariates excluding. These 15 variables are: cholesterol (chol), stabilized
glucose (stab.glu), high density lipoprotein (hdl), cholesterol/hdl ratio (ratio), loca-
tion, age, gender, height, height, weight, frame, first systolic blood pressure (bp.1s),
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first diastolic blood pressure (bp.1d), waist, hip, postprandial time when labs were
drawn (time.ppn). Among these 15 variables, 3 are categorial variables (location, gen-
der, frame), 12 are continuous variables. We are interested in finding which continuous
covariates have nonlinear effects on the response variable. In our study, we only con-
sider the subjects which have all the information, without missing values. Thus the
number of subjects are n = 366, p = 15.

The results are summarized in Tables 4 and 5. The top panel of Table 4 lists the 12
continuous variables being selected by the group MCP and the group Lasso as linear or
nonlinear variables, indicated by 0/1 (1, nonlinear; 0, linear). The top panel of Table
5 shows the number of variables being selected as nonlinear variables and the residual
sum of squares by both the group MCP and the group Lasso methods.

To evaluate the prediction performance of the methods, we randomly select a train-
ing set with 300 subjects from the data to do the estimation and selection and use the
remaining 66 subjects at the test set for prediction. We repeat this process 100 times
and the results are summarized in the bottom panel of Tables 4 and 5. The bottom
panel of Table 4 shows the number of times a variable has a nonlinear effect. The
bottom panel of Table 5 shows the number of variables being selected (NL) as non-
linear components, the residual sum of squares (RSS) and the prediction error (PE),
averaged over 100 replications with standard error in the parentheses. Table 5 shows
that the proposed method with the group MCP performs better than with the group

Lasso in terms of the residual sum of squares and the prediction error.

6. Concluding remarks In this paper, we proposed a semiparametric re-
gression pursuit method for distinguishing linear from nonlinear components in semi-
parametric partially linear models. This approach determines the parametric and non-
parametric components in a semiparametric model adaptively based on the data. Our
proposed method is fundamentally different from the standard semiparametric infer-
ence approach where the parametric and nonparametric components in a model are
pre-specified. We showed that our method has the oracle properties, meaning that it

is the same as the standard semiparametric estimator assuming the model structure
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were known with high probability. Our simulation study indicated that the proposed
method works well in finite sample.

We have only considered the proposed semiparametric regression pursuit method
in the partially linear model with p < n. In many applications such as genomic data
analysis, it is possible to have data with p > n. In this case, our proposed method is
not directly applicable. In the p > n case, assuming the model is sparse in the sense the
number of important covariates is much smaller than n, we can first reduce the model
dimension and then apply the proposed method. For example, we can first use the
adaptive group Lasso method to select the important variables in the nonparametric
additive model (Huang, Horowitz and Wei 2010). We then use the proposed method
in this paper to determine linear and nonlinear components in the model. Under the
conditions given in Huang et al. (2010) and those given in this paper, this two-step
approach has the oracle property even in p > n settings. Further work is needed to
evaluate the finite sample performance and spelled out the technical details of this
two-step approach in p > n settings.

The proposed semiparametric regression pursuit method extends the scope of the
application of penalized methods from variable selection to model specification. We
have focused on the proposed method in the context of semiparametric partially linear
models. This method can be applied in a similar way to other models, such as the
generalized partially linear and partially linear proportional hazards models (Huang
1999). It would be interesting to generalized the results of this paper to these more

complicated models.
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Appendix

Proof of Theorem 1. Since 1/,/m,7 is less than the smallest eigenvalue of Z'QZ/n,

L(-; A, 7y) in (9) is a convex function. By the Karush-Kuhn-Tucker conditions, a neces-
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sary and sufficient condition for 0, is

i i (15)
1Z5Q(y — Z0,) |2 < n, 1]l = 0.

For j ¢ Sy, if [|0,;]] > YA, then p(]|0,;]; A) = 0. Thus 6, satisfies (15) if also 1Z;Q(y —

Z én) |2 < nA for j € S;. Therefore, 0, = 0, in the intersection of the events
0\ = {min 16,]| > 7)\} and Qu()) = {max 1ZQ(y — Z6,)| < m}. (16)
JE€S1 JES1

Let goj(z;) = (9oj(x15),- -+ 90j(xny)) and 6, = 3 .0 Goj(%;) — Z2)bn(2)- By the

approximation properties of splines to a smooth function, we have
n=HI8all?* = Op((p — @)mz™). (17)
Let Cpoy = Z(2)QZ(2) and H =@ — QZ(Q)(ZéQ)QZ(Q))‘lZéQ)Q. By (12),
bu) — () = Clg) Z{nyQ(En + 60), (18)

and

Z;Q(y - Z(Q)én(Z)) = ZJ/'H(ETL + (571) (19)
Recall 6, = minjeg, |[0n; - If [|0nj —0nsll < 0=, then minjgg, [|0,;]| > y\. Therefore,
= P2 () < Plmas 16y — bl > 6. — 7).
J¥o1

We also have

1= P(2(N) < P(n™ max | (2 H(e, + d)l| > ).
J 1

Lemma 1 below shows that, when

/2, —(2d-1)/2
(p—a)*ma Lo,
O, — YA\
5 (p — @)ma
P Onj — Onjl| > 0, —N) < ="
(max [16; — 6 MW < N

and Lemma 2 below shows that, when

1

Ay 24D/ — 0,
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/ {log(gmn) }'"?
< .
P(n~ gréai<||+ZH(€n+5n)||>/\)_ Wi

12 _ (2412

Note that when m,, = n'/?¥*D  we have m,n~ . Therefore, under the

conditions of Theorem 1, we have P(én +6,) — 0. This completes the proof. a

Lemma 1 Suppose that
(p—q)'”
mgqu)/z(e* — )

— 0,

(p — q)my,

P ) . — @ . . — <O0(l)—/——"—=
(r]%%i(”em Onjll > 0 7)‘) < O( )\/ﬁ(e* — )

(20)

Proof of Lemma 1. Let 7},; be an m,, X (p — ¢)m,, matrix with the form

Tn] = (Omn7 e 7Omn71’mn70mn7 st 7Omn)7

where 0,,, is an m,, X m, matrix of zeros and I, is an m, X m, identity matrix in

the jth block. By the triangle inequality,
1615 = sl < 1T5;Cg) Zioy Q€nllz + | T0i i) Zi) Q6o (21)

Let C' be a generic constant independent of n. For the first term on the right-hand

side, we have

EmaXHTnJC Z(Q)QETLHZ < n pnllEHZ(Q)QEnH?
= 0 Pp Bl Zp)Qen] s
= 0 Pptmy P ((p — gmy)? (22)
= O(1)(p—q)n ?m,. (23)
Thus

O(1)(p — g)mn
V(0. —yA)

P(maXHTmC Z(Q)QEHH > (0, — )/2)

By (17), the second term

_ _ 1/2 —
T, C5 2@l < InCRlll - I 2, ||/ 28,
= O,(V)ppip(p — q)l/2
= O,(1)(p— q)"/*m,2=1/2, (24)
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Therefore, when

(p—a)mn
Vil —aA)
(20) holds. This proves the lemma.
Lemma 2 Suppose that
1
A/ — 0,

we have
{log{(q vV 1)m,}}'/?

AV

P(n~'max || Z}H (e, + 6,)|| > X) < O(1)
JEST

Proof of Lemma 2. Write
n'Z H(e, +0,) =n"'Z H,e, +n ' Z,H,0,.

By Lemma 77,

E((max ™22} Hoe,l2) < O(1){log((p — [Si[)ma)}'™

Therefore,

{log(gmn)}'/?
Wi

By (17), the second term on the right hand side of (26)

-1
P(n %%¥|\Z]’.Hnsn]|2 > A/2) <O(1)

-1 / -1/2 —Lrt 7 1/2 .
n” max || ZiHndullz < o7 max [nTZ5 Z;y - | Hallz - (10nl2

= O (p — )" *my,"
= O(1)(p—q)"*m, D2,
Therefore, when

1

N G2 — 0,

(25) follows from (28) and (29).

Proof of Theorem 2. By the definition of 6, = (¢’ 0/

nly > np),7

1 R P . 1 p
7 1R = 2615 + D o ll0ugll; 2) < o 1@ — 20015+ 110l V).

j=1 j=1

20

(25)

(26)

(27)

(29)

(30)



Let 1, = Q(y — Z6,,) and v, = QZ(6, — 0,,). Write

~

Qly — Z0,) = Qy — Z20,) — QZ(én —0n) = N — Vn.

We have [|Q(y — Z0,)|12 = ||vall2 — 20 vn + ||7a]|2. We can rewrite (30) as

p
vnll3 = 20,0 < 20> (o4 110011 A) = oy 110 1: V). (31)
j=1
Now
|5 10n511 X) = 31101 M| < Alrj — 01 (32)

Combining (31) and (32) to get
w13 = 200 < 2nA/Dl|6r — 6n ] (33)
Let i = QZ(Z'QZ)~'Z'Qn,. By the Cauchy-Schwartz inequality,
! * * (|12 1 2
2nrn] < 20mlz - lvallz < 2limallz + S llvall: (34)
From (33) and (34), we have
lvall3 < 4llm 13 + 4nA/B - 16 — Oall>-

Let ¢p. be the smallest eigenvalue of Z’QZ/n. By Lemma 1 of Huang, Horowitz and

Wei (2010), ¢y =, m; L. Since [|[vp]|2 > nens|0, — 0,12 and 2ab < a2 + b2,

(2nA/p)? 1 .

N[O = Onlls < All3ll5 + =+ Sncn,

It follows that

sl , 4%

16, =03 < =02 =+ 5 (35)
Let fo(zi) = >0, foj(wi;). Write
M= Q&+ (0 —9)1 + f(z:) — Z6,).
Since [ — g* = Op(n~") and || fo; — fujllec = O(m;,?), we have
113 < 2llenll3 + Op(1) + O(npm,,*?), (36)
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where € is the projection of g, = (¢1,...,¢,)" to the span of QZ. We have
lexll3 = 1(Z'QZ) 2 Z'Qenl5 < Op(pma) (37)

Combining (35), (36), and (37), we get
1 dpom,; % 4p\?
>+Op<ncn*>+0< Cox >+ 2

n*

N pmy
16 = 0l13 < 0, (2

T*

: - -1 LN -1
Since ¢, <, m,, - and ¢}, <, m,*, we have

16— 0013 < 05 (- )+o (2 )+o(m2d 1) +0(m23),

Now the result follows from the properties of polynomial splines (Schumaker 2001).

This completes the proof of the theorem. O

Proof of Theorem 3. Let 6, be the oracle estimator defined in (11). Define

an( ) 0 j €951 and g gn] Zejk‘wjk‘ .7 € 5s.

Let
fnj(w) = Bﬂ + Gnj(2), j € Sy,
Denote fnj(xj) = (fnj(xlj)a . -7]Enj(xnj)),. The estimator of the coefficients of the

linear components is

B = ( X(l) X Z fm ;)

JES2
Using the standard techniques in semiparametric models such as those described in

Huang (1996), we can show that

\/E(Bnl — Bo1) —p N(0,%).
By Theorem 2, P(f,1 = 1) = 1. Therefore, we also have
\/E(Bm — Bo1) —p N(0,%).

This completes the proof of Theorem 3. O
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n = 100 n = 200
NL ER IN% CS% | NL ER IN% CS%
Example 1, Group Lasso | 3.46 2.66 100 67 3.10 2.71 100 92
(0.76) (0.66) (0.00) (0.47) | (0.39) (0.39) (0.00) (0.27)
Group MCP 318  2.28 100 82 3.01 243 100 99
(0.39) (0.47) (0.00) (0.39) | (0.10) (0.30) (0.00) (0.10)
Example 2, Group Lasso | 4.37  6.26 51 17 5.41 3.55 98 62
(2.90) (4.84) (0.50) (0.38) | (0.71) (0.59) (0.14) (0.49)
Group MCP 5.25 298 76 43 522 3.09 98 78
(1.37) (1.22) (0.43) (0.50) | (0.54) (0.38) (0.14) (0.42)

Table 1: Simulation results for Examples 1-2. NL, the average number of the nonlinear
components being selected; ER, the average model error; IN%, the percentage of oc-
casions on which the correct nonlinear components are included in the selected model;
CS%, the percentage of occasions on which exactly correct nonlinear components are
selected, averaged over 100 replications. Enclosed in parentheses are the corresponding

standard errors.

fo o fs fo fs fo fro fs foo fuo
n =100
Example 1, Group Lasso | 21 13 12 100 100 100
Group MCP 9 4 5 100 100 100
n = 200
Group Lasso 3 4 3 100 100 100
Group MCP 1 0 0 100 100 100
n =100
Example 2, Group Lasso | 19 21 14 17 18 54 73 95 69 57
Group MCP 6 13 9 9 11 8 99 100 97 82
n = 200
Group Lasso 9 8 7 9 1199 100 100 100 98
Group MCP 5 6 6 5 2 99 100 100 100 99

Table 2: Number of times each component being selected as nonlinear component in

the 100 replications by the group Lasso and group MCP methods in Examples 1-2.
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N1 fa I3 fa f5 Jo f7 fs fo 10

n = 100

Example 1, Group Lasso | 0.64  0.66 0.67 7.52 1223 25.50
(0.93) (0.79) (1.05) (1.48) (6.68) (10.02)

Group MCP 0.54 0.55 0.49 751  11.39  25.34
(0.83) (0.70) (0.65) (1.45) (6.72) (9.77)
Oracle 0.11 0.11 0.12 2.22 0.76 10.05
(0.25) (0.17) (0.23) (1.07) (0.46) (2.39)
n = 200
Group Lasso 0.21 0.19 0.20 7.29 12.08 27.24
(0.28) (0.27) (0.26) (1.05) (4.47) (7.04)
Group MCP 0.20  0.16 0.19 7.25 11.35 27.08
(0.28) (0.21) (0.26) (1.03) (4.77) (7.12)
Oracle 0.09  0.08 0.09 1.88  0.50 9.93

(0.07) (0.06) (0.07) (0.65) (0.18) (1.72)

Example 2, Group Lasso | 1.22 1.55 1.58 1.40 1.87 3.66 10.24  23.80 3.03 10.09
(1.45) (2.63) (2.08) (2.06) (2.95) (1.43) (7.17) (12.7) (2.76) (5.80)

Group MCP 087 105 090 089 1.03 355 927 2230 196  9.85
(1.02) (1.91) (1.16) (1.51) (1.33) (1.24) (6.88) (10.6) (1.98) (5.08)
Oracle 052 017 027 031 044 257 1.09 1331 128 185
(1.00) (0.60) (0.36) (0.63) (0.79) (0.90) (1.54) (13.9) (1.80) (10.45)
n = 200
Group Lasso 034 036 030 0338 039 334 855 2009 095 9.26
(0.45) (0.40) (0.41) (0.61) (0.56) (0.71) (3.19) (6.61) (0.81) (3.86)
Group MCP 030 032 028 031 034 332 852 1991 087  9.19
(0.40) (0.39) (0.39) (0.55) (0.52) (0.70) (3.24) (6.50) (0.81) (3.66)
Oracle 023 016 005 016 016 085 036 983 050  0.33

(0.20) (0.23) (0.02) (0.33) (0.41) (0.30) (0.14) (1.68) (0.17) (0.14)

Table 3: The average mean square error for each component during the 100 replications

by the group Lasso and group MCP methods in Examples 1-2.

27



chol

stab.glu hdl ratio age height weight bp.ls bp.ld waist hip time.ppn

whole data set

group Lasso | 0 1 0 0 0 1 0 0 0 0 0 0

group MCP 1 1 0 1 1 1 0 0 0 0 0 1
training and testing sets

group Lasso | 29 66 7 1 0 72 0 0 0 0 0 0

group MCP | 89 100 30 99 65 100 9 2 0 0 4 89

Table 4: Diabetes data: Number of each component being selected by the group Lasso

and group MCP methods as nonlinear components. The top panel of Table lists the 12

continuous variables being selected by the group MCP and the group Lasso as linear

or nonlinear variables, indicated by 0 or 1 (0, linear; 1, nonlinear). The bottom panel

shows the number of times a variable has a nonlinear effect in the 100 partitions.

NL RSS PE

whole data
group Lasso | 2.00 3.06
group MCP | 6.00 2.53

training and testing sets

group Lasso

group MCP

1.75 301  3.44
(0.76) (0.19)  (1.02)
587 253 327
(0.87) (0.16)  (0.89)

Table 5: Diabetes data: The top panel shows that the number of selected nonlinear

components (NL) and the residual sum of squares (RSS) based on the whole data. The

bottom panel shows the NL, the RSS and the prediction error (PE), averaged over 100

replications. Enclosed in parentheses are the corresponding standard errors.
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